Abstract. A generalization of the Schwarzian derivative to conformai mappings of Riemannian manifolds has naturally introduced the corresponding overdetermined differential equation which we call the Möbius equation. We are interested in study of the existence and uniqueness of the solution of the Möbius equation. Among other things, we show that, for a compact manifold, if Ricci curvature is nonpositive, for a complete noncompact manifold, if the scalar curvature is a positive constant, then the differential equation has only constant solutions. We also study the nonhomogeneous equation in an «-dimensional Euclidean space.
Introduction
Let (M, g) be a Riemannian «-manifold with Riemannian metric g. Let V denote the Riemannian connection for g. For a smooth function </>: M -> R, we follow Osgood and Stowe [11] and define (1) B((f>) = Bg(<i>):=He:ss(cf))-d4>®dcl>-^{A(t>-\\gxad<l>\\2}g, where Hess(</>) is the Hessian of (¡>. Thus, for any pair of vector fields X, Y on M,
B(4>)(X, Y) = X(Y<t>) -(VXY)4> -(X4>)Ycf> -^{A<f> -|| grad</»||2}(X, Y).
The operator B(4>) is a symmetric (0, 2)-tensor field and the final term has been chosen so that the trace, with respect to g, vanishes. We are interested in studying the differential equation B(4>) = h for a given symmetric tracefree (0, 2) tensor field on a general Riemannian manifold. We will call an equation B(<f>) = h a Möbius equation. This differential equation has its roots in differential geometry. Assume g* arises as the pullback of a Riemannian metric by a conformai transformation / of (M, g) onto (M1, g') and let 4> = log \\df\\. Then g* = e2(t>g, and we define the Schwarzian tensor of / to be S(f) = Sg(f):=Bg(<t>).
If /: (M, g) -> (M', g') is a conformai transformation with S(f) = 0, then we say that / is a Möbius transformation. When (M, g) = (M', g'), the Möbius transformations form a group, denoted J£óo (M), which is unchanged by a Möbius change of metric. The homothety group, Hty(M), is the group of those conformai transformations / of (M, g) such that </> = log||i//|| is constant. Hty(M) is a subgroup of the conformai group Conf(Af) [11] . Observe from the above formula that if / is an analytic function, f'(z)^0, then S(f) = 0 if and only if S(/) = 0 if and only if / is a Möbius transformation in the usual sense. And it is well known that all of the Möbius transformations of S2 are conformai mappings of S2 into itself. By Theorem 3.2 [11] and the well-known Liouville theorem, it is also true for higher dimensional spheres and Euclidean spaces. Note also that one of the classic theorems about Schwarzian derivative says that, for suitable transformation function h , S(f) = h has a solution unique up to Möbius transformation on S2. It is easy to see that for manifolds of dimension two, the differential system B(4>) = h is a determined system, if the dimension of the manifold is bigger than two, this system is overdetermined and as a differential equation, it does not have fixed type, so it is very difficult to handle. Our first step to deal with this problem is try to classify the solutions of B(<f>) = 0.
In the special case, when h = 0, <j> is induced by conformai transformation, classifying the solutions of B(<¡>) = 0 gives the classification of Möbius transformation on any complete Riemannian manifold. That is, by Osgood and Stowe's work, the existence of a nonconstant solution to the Möbius equation B(<t>) = 0 (actually, to a related linear equation) is directly tied to warped product structures. Then we are able to classify the complete, connected manifolds admitting a nonhomothetic Möbius metric and to obtain a list of the complete Einstein manifolds which admit a nonhomothetic conformai Einstein metric. In fact, Theorem 3. 3. M is isometric to a sphere.
The only instances of 2. are certain warped products Rxf^M or Sphere(/) in which /"// is not constant. All those results strongly suggest that B(q>) = 0 only has constant solutions. It would be very interesting to see in fact that this indeed happens. In order to see this, first we look at the compact case. We have the following: Theorem 1.1. Let M be an oriented compact Riemannian n-manifold without boundary with n > 2. If the Ricci curvature of M is nonpositive, or the scalar curvature of M is constant, then all the solutions of B(<p) = 0 are constants unless (M, g0) is standard sphere.
As an application of Theorem 1.1, we prove the following Theorem 1.2. Any compact, oriented n-dimensional Riemannian manifold without boundary with n > 2 has a complete Riemannian metric g such that Jtöb(M,g) = Hty(M,g).
For noncompact complete Riemannian manifolds, life is more complicated.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use Both the homogeneous and the nonhomogeneous equations are hard to handle. First, we restrict our attention to warped product spaces as is suggested by Osgood and Stowe's work. We obtain that if M -R Xf M0 and M has positive constant scalar curvature, then B(cp) = 0 has only the constant solution. Then we prove the following. Theorem 1.3. Let M be a complete noncompact Riemannian manifold without boundary. If the scalar curvature of M is some positive constant, then B(cp) = 0 has only the constant solutions.
Finally we consider the nonhomogeneous case. If M is an arbitrary complete Riemannian manifold, we do not know what we should expect. So, we confine our attention to Rn . We know that B((f>) = 0 has a lot of nonconstant solutions and, for a suitable tensor field h which is symmetric and trace-free, B(<j>) = h has no solutions.
The paper is organized as follows. The next section will be used to simply recall some facts about the Möbius equation from the paper of Osgood and Stowe. Then in § §3 and 4, we are going to prove our first main result. As an application of this and Guo and Yau's result, we proved that any compact oriented three-dimensional manifold has a complete Riemannian metric such that the Möbius group of M with respect to this metric is the same as the homothety group of M with respect to the same metric. In §4, we will use conformai geometric methods to show the rest of our first main result. As a special case we proved that / is a Möbius transformation on M which has constant scalar curvature, the conformai factor u is a constant function. Finally, combining this result and one of Aubin's theorems gives the proof of our second theorem.
The warped product space case will be treated in §5. In the final section we will cover the nonhomogeneous case on Rn . For the simplest possible h, we give a necessary and sufficient condition for B(cf>) -h to have a solution.
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The generalized
Schwarzian derivatives and some of its properties Let M be a Riemannian manifold of dimension > 2 with metric g = ( , ) and let V denote the Riemannian connection for g. For a smooth function q> : M -> R, we define The operator B(<p) is a symmetric (0, 2)-tensor, and the final term has been chosen to make the trace vanish with respect to g. We will always associate B(cp) to a conformai metric g = e2ipg and we call it the Schwarzian tensor. Integrating over M, notice that M has no boundary, gives that
n Jm Jm jm Now we do integration by parts on the second term. It will give the following
Then since n > 2 and R¡jU¡Uj < 0, we have that Au = 0. Now maximum principle gives the conclusion of the theorem, o
Let us return to the definition of the Schwarzian derivative for a moment. Suppose / is a conformai self-mapping of a Riemannian manifold M, then f*g = e2*g. Proof. By the theorem of Gao and Yau [4] , for every compact 3-manifold, there exists a Riemannian metric with nonpositive Ricci curvature. The corollary then follows from the previous theorem. D Remarks. 1. In the next section, we will prove that this corollary can be generalized to higher dimensional manifolds. 2. Later in this paper we will see that, in all these arguments, compactness is a necessary assumption. Proof. Suppose <p is a conformai transformation.
First note that ç>*g = (det(ç>))2g since ?*g(X, Y) = g(<ptX, tp>Y) = (det(tp*))2g(X, 7). Then we know, a2(<p) = log(det(ç>,))'/2 and, if « > 3, an(<p) = (det^,))'"-2)/2" . Recall that if A = A(t) is a diagonal matrix, If sg denotes the scalar curvature of the metric g, one then has the classical formulas (see [8] for details) j (-2Agu + sg)e~2u
for n = 2, I (-4n^^8u + SgU)u~^> for « > 3.
We are thus led to introduce the family of quasilinear differential operators Fn on the space C°°(Af) of smooth functions defined as F2(u) = e~2u(-2Agu + sg), Fn(u) = u~^ï I -4-TzAgU + sgu J for « > 3.
For any function U viewed as sitting in the tangent space Tu(Coc(M)), the directional derivative U • Fn of F" in the direction U is given by (12) (U-F2)(u) = 2e-2u(-AgU -(-2Agu +sg)U), Proof. Let X be a conformai vector field and let (Çt)teR be a one-parameter conformai group generated by X. Then So ---Ag(divg X) = X -sg + -sg di\g X.
We have obtained
which is the desired result. D 2(«-l) X-Sa + n-1 sg divg X Remark. 1. This formula is well known. This type of proof is suggested in [ 13] , but not proved there. Other proofs may be found in [7, 5] .
2. This formula is also useful in studying scalar curvature problems (see [13] and the references there).
In order to complete the proof of our next result, we need the following theorem of Obata: Since V« is a conformai vector field on M, from (4), we have div(Vw) satisfies
As we know that div Vif = -Aw, the previous equation can be written as (17) A (au +--^-ru\ =0.
By the maximum principal, we have
for some constant C. Take the Hessian of both sides in the previous equation and use (16) , to obtain (19) Hess(Aif) = -^-Hess(ii) = -^rzg.
« -1 «(« -1)
Case I (if Au ^ 0 and sg > 0 ). In this case, by Obata's theorem (4.3), we have that M is isometric to a sphere with radius -Jn(n -\)/sg .
Case II (if Aw ^ 0 and sg = 0 everywhere). Since sg = 0, by equation (18), Au = 0 + C. M is compact and u is a smooth function, therefore C must be zero, that is, Aw = 0. Using Bochner's lemma, we know that u has to be a constant, which contradicts our assumption. So this case cannot happen.
Case III (if Aw ^ 0 and sg < 0 ). Since the function if is a smooth function and M is compact, u must assume its maximum value at a point p e M. At p, we have that Am < 0. Using equation (18) Compare equations (20) and (21), to see that u must be a constant. This shows that this case cannot happen, either.
Case IV (if Am = 0). It is easy to see that u is a constant in this case, a
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use (24) (iii) 2b-+ bi =0, bi<0.
Proof. In order to prove that this condition is sufficient, we only need a positive function m which satisfies equation (4) with given « . By symmetry, it is enough to give a function in one case. For example, for (iii), we can take
Then, it is easy to see that this function satisfies equation (4) with h . Now we start to prove that this condition is also necessary. First of all, from equation (4) Therefore, we are able to express the functions /, g as f(Xj, xk) = f\(Xj) + f2(xk) and g(Xi,Xj) = g\(x¡) + g2(xj) where f2 and g\ have no constant terms. Then we have where, in addition, we are able to assume that f2 and g2 do not have any constant terms. Therefore, Then either ¿>2 = è3 or gi(xi) = /i(xi). The first case cannot happen, for otherwise, b\ + 2Z>3 = 0 which contradicts the hypothesis that b\ + 2f>3 ^ 0.
The second case also cannot happen since it would imply that u = 0. D License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
